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PERIODIC SOLUTIONS OF LINEAR SYSTEMS WITH A LAG 

by A .  Halanay 

The necessary  and adequate  cond i t i ons  f o r  t h e  e x i s t e n c e  o f  p e r i o d i c  

soluti~~~.~ i n h ~ i , e o u s  systems with  a l a g  a r e  e s t a b l i s h e d  i n  
I 

t h i s  work. I n  view o f  t h e  f a c t  t h a t  t h e  p a r t i c u l a r  c a se  of d i f f e r e n t i a l  

equa t i on  systems wi th  a l a g g i n g  argument is a ma t t e r  of  s p e c i a l  i n t e r e s t ,  

we w i l l  begin  by o u t l i n i n g  such  a case .  

1. Under cons ide ra t i on  i s  t h e  system 

where A ,  B ,  f ,  a r e  cont inuous and p e r i o d i c  f u n c t i o n s  of  a,., per iod .  

We w i l l  a l s o  cons ider  t h e  homogeneous system 

and t h e  corresponding con juga te  system 

We w i l l  prove by d i r e c t  c a l c u l a t i o n  t h a t  i f  t he  system (1 )  has  p e r i -  
- .I -- - 

o d i c  s o l u t i o n s  o f  t h e  W pe r iod ,  then!(  $6 a ,  o /  f o r  a l l  p e r i o d i c  so-  
I 

l u t i o n s  o f  y  (t) , pe r iod  , system (3). 

~ e t  ~ ( t )  be t h e  s o l u t i o n  of sys tem (11,  determined wi th  t 2- v, and 
r 

y ( t )  t h e  s o l u t i o n  of system ( 3 ) ,  determined w i t h '  

With 0 I< t & W , w e  s h a l l  desisrnat e 
- 

c. 

d We have - (y ,x )  y ( t ) f ( t ) ;  hence,  i f  x ( t )  and y ( t )  a r e  p e r i o d i c  func- d t  

t i o n s  of t h e  @ pe r iod ,  we w i l l  g e t  = 



and ou r  a s s e r t i o n  ha s  been proved. 

2 .  Let  Y(a, t )  be a ma t r i x  whose l i n e s ,  be ing  a f u n c t i o n  of  a, 

s a t i s f y  system (3 )  with a! < t and cond i t i ons  ~ ( t ,  t )  = E,  Y(@, t )  0 

when t < a < t + where E is a u n i t  matr ix .  Le t  x ( t )  be t h e  s o l u t i o n  

of  sys tem (I), determined with  1 i  > a - .r We have 
-- 

[ ~ ( a ,  t ) i . (a )da  
P 

i 

I 

Fur the  r , 

- - .  
But when - t < , e 1 w e  have / :<  z + s , < ~ i - ~ ,  consequent ly  

F i n a l l y  
-- - - .- - - .  * ,  - 

( 1  + .a-T Y ( a + r , i ) B ( a + r ) + ( a ) d a - (  

With f 5 0, t h i s  formula produces a g e n e r a l  s o l u t i o n  o f  system (2) .  

Le t  us  examine mat r ix  X ( t ,  6 ) whose columns a r e  s o l u t i o n s  of  sys tem ( 2 ) ,  

which a r e  equa l  t o  zero  when a  - << i  <-b , and such  t h a t  ~ ( b  6 ) = EO It 
2 

fol lows from formula (4) t h a t  X ( t ,  6 ) = Y( 6, t ) ,  

We w i l l  now e s t a b l i s h  a corresponding formula f o r  sys tem ( 3 ) .  Let  

y ( t )  -- t h e  s o l u t i o n  of  system ( 3 ) ,  de f ined  w i t h  -,<a+Tx(a,L 9 -- be 
-- -- 

t h e  above-constructed mat r ix  P- 



We have 

Bence 

F u r t h e r ,  
-- - - 

Since  n i t h 8 : < 8 <  t - l - r '  we have 1 4 ~ < ~ - 7 < t ,  then  \x(. 

and consequent ly ,  
- - - - - - -. - 

3.  Let  x ( t ,  Q) be t h e  s o l u t i o n  of system ( I ) ,  de f ined  wi th  t >  -? 

which a t  [--7, 01 co inc ides  w i th  t h e  p r e s e t  cont inuous func t i on  7, It 

fo l lows  from t h e  f a c t  t h a t  A ,  B ,  f  a r e  p e r i o d i c  f u n c t i o n s  of  t h e  Lh  p e r i -  

od, t h a t  . a is  a l s o  a s o l u t i o n  of  t h e  system determined wi th  

, and,  consequent ly ,  wkthl 5 .  I f ,  when , t h a t  

s o l u t i o n  co inc ides  wi th  y, then ,&(t.4 
J 7 on t h e  b a s i s  of  t he  unique- 

ne s s  theorem. There fore ,  t h e  cond i t i on  r equ i r ed  t o  m a k e  t h e  s o l u t i o n  p e r i -  

od i c  l ooks  l i k e  t h e  fo l lowing  with  r E [ - t , O  . L e t  V be t h e  

ope ra to r  de f ined  by t h e  formula I is the  i n i t i a l  f unc t i on  

f a r  a p e r i o d i c  s o l u t i o n  on ly  when1 . Let  z ( t ; v )  be t he  s o l u t i o n  

of sys tem (2)  which at [--?, 01 co inc ides  w i th  7. It fo l lows  from formula 



(4) t h a t  

If U is the  o p e r a t o r  de f ined  by formula \UQ L , then 

The cond i t i on  vp I appears  as 
- --,--- 

I 
-. 

, 9 = ~ p + [ + * l . ( a , ~ r - t - n I n c d *  .1, 
- *'L . + - li 

where I i s  an  i d e n t i c a l  ope ra to r .  

It can e a s i l y  be v e r i f i e d  t h a t  i f  ' w  ><, then  t h e  o p e r a t o r  U is f u l l y  

cont inuous,  i f  t h e  space  of  f u n c t i o n s  7 is  a Banach [Russian term: banak- 

hovoye] space  of  cont inuous vec to r - func t i ons  p r e s e t  a t  L o ? ? ,  01 with t h e  

norm I' -'[-]-:UP- I p  (8)  1. . Actua l l y ,  t h i s  is what we g e t  from (4) 
ClCO 

snd i t  is  apparen t  t h a t  i f ! _ ~ ~ l ~ <  *4I! , thenlJJ U , ~ l l  <L(@: , auu i t  fol lows from 
. . - - -- k%@ - +a; - ' + p ~ ~ \ ~ ~ ( u ) : ( o  + 8 ;  *m8 -., that t h e  d e r i v a t i v e s  o f  t h e  

func t i ons  U V  a r e  uniformly l i m i t e d ;  consequent ly ,  i f  " ; is a l i m i t e d  

s e t ,  pi is  a comeact s e t ;  i n  t h i s  c a se ,  e s s e n t i a l  use w a s  made of  t h e  

f a c t  t h a t  ~d* .-. . 9 ,. 
Thus system ( 1 )  has  a p e r i o d i c  s o l u t i o n ,  w i th  a l l  f ,  on ly  i f  I - U 

h a s  an i n v e r s e  o p e r a t o r ;  as U i s  a f u l l y  cont inuous o p e r a t o r  I ,  U has  an 

i n v e r s e  ope ra to r  on ly  i f  t h e  e q u a t i o n 1  bas a n u l l  s o l u t i o n .  But 

t h e  s o l u t i o n s  of t h i s  equa t ion  a r e  t h e  i n i t i a l  f unc t i ons  f o r  t he  p e r i o d i c  . . 
s o l u t i o n s  o f  sys tem (2) ; consequent ly ,  sys tem (1 )  has  a p e r i o d i c  b- 

of period&) , with a l l  f, only  if system ( 2 )  has  no o t h e r  p e r i o d i c  s o l u t i o n  



of , excep t  a t r i v i a l  s o l u t i o n .  I f  sys tem (2) ha s  a p e r i o d i c  

s o l u t i o n  of pe r iod  W , then  Up = ? I  can have no n u l l  s o l u t i o n s .  I t  f o l -  

lows from t h e  g e n e r a l  t heo ry  of f u l l y  cont inuous ope ra to r s  t h a t  t h i s  

equa t ion  ha s  on ly  a f i n i t e  number of independent p e r i o d i c  s o l u t i o n s  o f  

pe r iod  @. 

A similar reason ing  may be a p p l i e d  a l s o  t o  sys tem ( 3 ) .  Le t  ~ ( t ;  q) 
be t h e  s o l u t i o n  o f  system ( 3 ) ,  de f ined  wi th  i- , which co inc ides  

wi th  f a t  L [ ~ ,  r +;I, . Together w i th  y ( t ;  4) is ' a l so  a s o l u t i o n ;  
3,- -- 

If 6 .  - a;+) co inc ides  wi th  f a t  I[* r+r$, the r  . Con- 

s equen t ly ,  ? w i l l  be t h e  i n i t i a l  f unc t i on  f o r  t h e  p e r i o d i c  s o l u t i o n  of 

sys tem ( 3 )  only  if y ( t - ~ ; ] $ ) = + ( i ) ~  w i t h l t 6 [ h , h + ~ j t  According t o  formula 

( 5 ) ,  t h i s  c o n d i t i o n  looks  l i k e  the  fo l lowing  

We w i l l  d e s igna t e  $ (&) = + ( r  + w + r) ,  - r< 8 4 0 ,  . Then , if is t h e  so- P 
1 -  l u t i o n  of equa t i on  (7) ,  PJis t h e  s o l u t i o n  of t h e  fo l lowing  equa t ion  

1 I 

4. We w i l l  show t h a t  if t h e  equa t ion  19 - up = Y ~ I  , where U is given 

wi th  formula. (6), and equa t ion  (8) have t h e  same number of l i n e a r l y  inde-  

pendent s o l u t i o n s ,  and t h a t  t h e  equa t i on  9 - Up= has  a s o l u t i o n  on ly  I. 

a p p l i e s  t o  a l l  s o l u t i o n s  1 ~ 4 q  I o f  equa t ion  (8) a - * 
Let  u s  examine t h e  fo l lowing  equa t ion  



ms s m a l l  enough, t h i s  equa t ion  rill have t h e  fol lowing so- 
Ilr - 

l u t i o n p ( ~ $  - ,F %(@,\where !a@il is r e c u r r e n t l y  de f ined  as 
, a , -  1 

-@ C_ _.- _. . - .- 

-8)  =xi.)* &a) = &(4 - 3 h-> (Q) +r -'c ~ 3 )  ? 
- - 

We g e t  

where 

a0 

By des igna t i ng  r ( r ,  I )  = C g,(., q) , the  s o l u t i o n  of equa t ion  ( 9) w i l l  
, 1 

l ook  l i k e  t he  fo l l owing  

We w i l l  now examine equa t ion  
m 

- -- --- 

- 
If I Kl 1 (is s m a l l  enough. t h i s  equa t ion  w i l l  have t h e  fo l lowing  so lu -  

- - .*t 

6'- - 

- - - -- - - 
.- 

We g e t  
- - - -  - - 

where 

, the  s o l u t i o n  o f  equa t ion  (11)  w i l l  l ook  l i k e  t he  

I I 
m - -  

-- - 

J-T 

It is easy  t o  show by t h e  i n d u c t i o n  method that 



consequent1 J - . ln, , and (12) appears a s  follows 

It follows from the fac t  that)y t q  + T, , + ,) , continuous, when 
-- 

-- - -- - - --- 
; ~ < O I ,  that 

where ak(e) are column vectors,  b ( ) line v e c t o r s ,  % and- bk are l inear-  
k '? 

l g  independent and /~&~-fil may be a s  small a s  poss ib le .  

The cpuation\~t+ - C) - = r  bil l  then look l i k e  t h i s  

We w i l l  designate 

Then the equation w i l l  appear l i k e  t h i s  
- - -  - - -  

( 8 ) 6 k ( - T ) x ( ~ ) C ~ a k ( X ) r  I f  'P h k ( 1 ) U ( l + r ) x ( 7 ) d n J  - 4 

Hence, 

system 



where 

System (15) has a so lut ion only i f  

appl ies  to  a l l  the so lut ions  o f  the fo - -  )wing system 

Condition (16) is necessary and adequate t o  the solutioli  of 
- .-A - - - 

P - U'P P'(q. 
Taking (14) i n t o  account, the equation ( 8 )  w i l l  look l i k e  t h i s  

-- - - - -  . . 

. -7 

= xac- . 1 ) q k ( ~ ) ~ k ( 8 )  + F S . _ ~ : ( ~ ) B ~ ~  
I k 
I 

If we were to  designate 

Let 

Then 



The s o l u t i o n  of  t h i s  equa t ion  w i l l  b 2 ~  ( 8 )  = b, & , where 

lr 0 T 
p,= Fykjp,, yk, = b , { - 7 1 5 , ( 6 1 + \  -Z b , ( q l B ( q + d y d q  

It can be v e r i f i e d  by d i r e c t  c a l c u l a t i o n  t h a t  ; conse- 

quen t ly ,  sys tem (18) co inc ides  w i t h  (17) .  Condit ion (16) appears  as 

fo l lows  

A f t e r  some s imple  c a l c u l a t i o n s ,  b e a r i n g  i n  mind t h a t  - I C n b, (8 )  = x (4, 

g e t  the  fo l lowing  sucoeksioi -  

' 4 ~ - 3 ~ ( e j  . + [ ~ ( 3 ~ 4 1 + T ) r r q )  oq= +w[ ~ 1 %  ~i 

+ [ * + ( 1 + 7 +  4 ~ ( 7 - F . l )  a+ 111 ( . ) d a k l )  = 

- + ( @ I  5; P(., o) f ( . ) *z  + 

+!rT[pl + + 4 B(?  4- W(., + ?)a? l(4 q 1 
8' : C ( 1 + 7 +  4 B ( T +  .l)Y(.* a +  1 ) d T  f ( a ) a i q  

+ I-. is:-. I 
I = i' I(., o)t(a)da + I 



where y ( a )  i s  t h e  s o l u t i o n  of sys tem (3) de f ined  by t h e  i n i t i a l  func- 

t i o n  y. Since  I + i ; .  + u) = 1 and @is t h e  s o l u t i o n  of  equa t ion  (8 )  , 
y ( a )  is t h e  p e r i o d i c  s o l u t i o n  o f  system (3 ) .  Th i s  produces 

THEOREM 1. The necessary  and adequate  cond i t i on  r e q u i r e d  i n  o r d e r  

t h a t  system (1)  may have a p e r i o d i c  s o l u t i o n  o f  pe r iod  W is  t h e  fu l -  

f i l lmen  t o f  e q u a l i t y  x,(.)/  d 1 - 0.1 f o r  a l l  l i n e a r l y  independent p e r i -  

od i c  s o l u t i o n s  of  pe r iod  Ec, f o r  sys tem (3) .  

[System (3 )  ha s  t h e  same number o f  l inear ly - independent  p e r i o d i c  so lu -  

t i o n s  of pe r iod  as system (2)1 

6. Le t  us examine a g e n e r a l  system wi th  a l a g  

w 
w 

b) t h e r e  e x i s t  f unc t i ons  'r. . ( t )  
w 

( t ) ,  which a r e  l i m i t e d  when 
- -  2 'i j 

t 30, and such t h a t I q , ( t , 8 ) S y ~ ( t , - ~ ~ , ( ~ ) ) ~ 0  

' 
where, as u s u a l ,  IF4/ means a complete change of f unc t i on  i by [a, 8 

C)  q . . ( t ,  8 )  a r e  cont inuous wi th  r e s p e c t  t o  t ,  and uniform i n  re-  
1 J  

l a t i o n  t o  s; 

d )  q ( t ,  a ) ,  f  ( t )  , r .  . ( t )  , V .  . \ t) a r e  p e r i o d i c  by t , pe r iod  dd . 
1 J  =J 

Even tua l l y ,  t h e  number i n d i c a t e d  by T w i l l  be such t h a t  I u 
t h e ] '  wi th  1 8 4 - t  Let Y ( @ , t )  be a matrix s a t i s f y i n g  t he  

system 

w 

and condi t ion  O 1 



It i s  independen t ly  v e r i f i e d  t h a t  t he  so lu t io r f  o f  t h i s  equa t i on ,  con- 

s t r u c t e d  by s u c c e s s i v e  approx imat ions ,  is  cont inuous  by (a, t )  wi th  a 

l i m i t e d  change by a. 

Le t  x ( t )  be t h e  s o l u t i o n  of sys tem (19) .  Then 
- - 

Hence 

Taking i n t o  c o n s i d e r a t i o n  t h e  cond i t i ons  f o r  q ( t , s )  and Y(@, t ) ,  

we g e t  

If X ( t ,  0' ) is  a ma t r i x  whose l i n e s ,  g iven  t > Q' , s a t i s f y  system 

- (18) wi th  f = 0 and c o n d i t i o n s  X ( a ,  a )  = 8, X ( t  , given t < 6. 
then  i t  fo l lows  from (20) t h a t  'a a) = Y (a ,  1) .  

We w i l l  t h e r e foxe  examine t h e  con juga te  gvstem 

, the syntem (21) l ooks  as fo l l ows  



consequent ly ,  f o r  a f i x e d  8 
- - 7 

It may be seen  from t h i s  t h a t  if t h e  s o l u t i o n  o f  y ( t )  is  sought on 
- .  

zne - ' m i n t e r c e p t ,  i t  is de f ined ,  given t ( b ,  by a system o f  

i n t e g r a l  equa t i ons  o f  t h e  V o l t e r r a  type ;  t h i s  makes i t  p o s s i b l e  a l s o  t o  

formulate  a theorem of t h e  e x i s t e n c e  of uniqueness f o r  t h i s  system. The 

s o l u t i o n  t o  t he  i n i t i a l  f unc t i on  wi th  a l i m i t e d  change by 

i found i n  t h e  c l a s s  of f unc t i ons  wi th  a l i m i t e d  change; i f  t h e  i n i t i a l  

f unc t i on  is  cont inuous ,  t h e  s o l u t i o n  is  a l s o  cont inuous.  

Le t  $ < a ,  X(a, y)' be a matr ix  whose l i n e s  s a t i s f y  both t h e  func t i ons  

of system (19) with f 0 and cond i t i ons  X (a, 7 w i t h  

We have t o  s o l v e  y(a)  of system (21). 

Hence - - -  

I 

A f t e r  -- changing - t he  o rde r  of i n t e g r a t i o n  i n  t h e  las t  i n t e g r a l ,  we g e t  
- 

7. (21) shows t h a t  if ~ ( a )  is the  s o l u t i o n  o f  t h e  equa t i on ,  then 

y(rr -- W )  w i l l  a l s o  be a s o l u t i o n ,  as t') (t , s) i s  p e r i o d i c  by t , p e r i o d  

. Let  J ( " ,  J ) )  be a s o l u t i o n  de f ined  a t  wi th  a d e f i n i t i o n  of 

f unc t i on  (yb 711 ; such a s o l u t i o n  is  provided by formula (22) .  

Funct ion $ w i l l  a l s o  be a s o l u t i o n ,  and t h i s  s o l u t i o n  is  def ined  

when , t h a t  i s  when \- . I f ,  when -- , t h i s  so- 

l u t i o n  co inc ides  wi th  Y ,  then  i t  w i l l  co inc ide  wi th  y(a, y )  when a (6 , 



and consequent ly  t h e  s o l u t i o n  y ( a ,  p) w i l l  be p e r i o d i c  o f  p e r i o d & .  

The p e r i o d i c i t y  cond i t i on  of  t h e  y ( a ,  Y)) s o l u t i o n  is  t h e r e f o r e  expressed 

We should p o i n t  ou t  a l s o  t h a t  X( H, t )  = ~ ( t ,  8 1, Then t h e  i n i t i a l  

f unc t i ons  of t h e  p e r i o d i c  s o l u t i o n  of sys tem (21) w i l l  be t h e  s o l u t i o n s  

of t h e  fo l lowing  equation 

The same r ea son ing  and t h e  use of  formula (2) show t h a t  t h e  i n i t i a l  

f unc t i ons  of t h e  p e r i o d i c  s o l u t i o n s  o f  sys tem (19) a r e  t h e  s o l u t i o n s  of  

t he  fo l lowing  

(24) 

. 
8. Let  us examine t he  fo l lowing  e q u a t i . 6  y 

1 ~ ;  1 ,  is  s m a l l  enough, t h e  s o l u t i o n  o f  t h i s  equa t ion  w i l l  appear  
--- 

F u r t h e r ,  we have 

-..-.---A - 
where 



a 

If 1 ,  = a ,  8 , we g e t  t h e  fo l lowing  s o l u t i o n  f o r  equa t ion  
1 - - - -  - -  

We w i l l  now examine t h i s  equa t lon  
4. 

- 1  0 -  - 
----- ---- - - 

If /Kill is small - enough, - _ (  t h e  s o l u t i o n  of t h e  equa t i on  w i l l  appear  as f o l -  
1- 

where ?O (a) =--& 
+ 

-- ./ 
-.- - _-- 

C_ 

? i ( u ) = K l ( u , O ) @ - ~  ( - : , + [ : ( r ,  P ) ~ P [ ~ ~ ( ~ + T !  p - y - r l p - l  ( Y ) ~ Y .  

F u r t h e r ,  we have 
- 

, + , ( a )  = z 1 ( 8 ,  ~ ) f  ( -  TI-+ + t .  B - Y  - % ) %  

- 
- - -. 

where - a k w -  - 
z t ( 8 ,  B) = K,(cr, o ) K l - t  ( -  7, B) + g 

L 

8 ,  y + y - t)Z-r (Y, 

-- - 

The i n d u c t i o n  method i s  used t o  prove t h a t  & ( a ,  p) = &! & . The 

s o l u t i o n  of equa t ion  (27) t h u s  appears  as fo l lows  

-- 

is equi-continuous w h e n \ ~  -I-!, it is 

p o s s i b l e  t o  w r i t e  down 
- .- --- 

I ~ ( a + : ,  o + 8 ) =  C a r ( x ) ~ . ( . ) + ~ ( a , ~ ) 8  
C ., 

where %(a) a r e  vec to r  columns, b ( s )  vec to r  l i n e s ,  ak, bk l i n e a r l y  i n -  k 

dependent and (5) may be as s m a l l  as pos s ib l e .  Taking (29)  i n t o  con- 

s i d e r a t i o n ,  t h e  equa t ion  (24) w i l l  l ook  l i k e  



where 

Taking (26) i n  t o  c o n s i d e r a t i o n ,  we g e t  t h e  fo l lowing  equa t ion  f o r  

If we des igna t e  

then 

It is apparent  from t h e  fo r ego ing  t h a t  

I 
System (30) has  a s o l u t i o n ,  only  i f  



a p p l i e s  t o  a l l  s o l u t i o n s  of  t h e  system 

A s  (30) is e q u i v a l e n t  t o  t h e  equa t i on  f o r  ~ ( s ) ,  and t h i s  equa t ion  

is equ iva l en t  t o  equa t i on  (24), we conclude t h a t  cond i t i on  (31) repre -  

s e n t s  t h e  necessa ry  and adequate  condi t ion  f o r  t h e  e x i s t e n c e  of  p e r i o d i c  

s o l u t i o n s  of per iod  t o  system (19) .  

t h e  b a s i s  o f  
, - -  - 

; $ ( a )  - & ( 8 , 0 )  

(29), equa t ion  (23) is 

Des igna t ing  

expressed  as 

I 

and u s ing  (281, we get 

where 

Thus 

I t  is then  v e r i f i e d  by d i r e c t  c a l c u l a t i o n  t h a t  

t he  s o l u t i o n  t o  sys tem (32) , _ w _ e - g e t  - . .- - A - - 

re . Then, i f  

Translator 's  
note: So- - 
of Rassian 
copy provided 
for t h i s  p@ge 
i s  not legible 



10. It fo l lows  from t h e  p reced ing  c a l c u l a t i o n s  t h a t  t h e  necessary 

and adequate  cond i t i on  f o r  t h e  e x i s t e n c e  of p e r i o d i c  s o l u t i o n s  of pe r iod  

t o  sys tem (19) may be w r i t t e n  down as* 

-+ 7, b - a - +r$(a)dr = O  I 
- .. 

I - 

a p p l i c a b l e  t o  a l l  s o l u t i o n s ~  of equa t ions  (23). 

and we g e t  t h e  fo l lowing  sequence 
I 

where y ( a )  i s  t h e  s o l u t i o n  of system ( 2 1 ) ,  de f ined  by t h e  i n i . t i a 1  func- 

t i o n  of y. Thus w e  g e t  

THEOREM 2. The necessary  and adequa te  cond i t i on  r equ i r ed  i n  o r d e r  

t h a t  system (13) may have a p e r i o d i c  s o l u t i o n  of pe r iod  is t h e  f u l -  

f i l l m e n t  of t h e  fo l lowing  e q u a l i t y  

f o r  a l l  l inear ly - independent  p e r i o d i c  s o l u t i o n  of per iod  of  system (21) .  
I - 

[With f = 0 ,  sys tem (21) and system (19) have t h e  same number of  l i n e a r l y -  

independent pe r iod i c  s o l u t i o n  of  p e r i o d &  ]. 


